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Abstract. We consider a family of self-adjoint Ornstein-Uhlenbeck operators Ca 
in an infinite dimensional Hilbert space H having the same gaussian invariant 
measure for all 'a S [0,1]. We study the Dirichlet problem for the equation 
\ip — Caif = / in a closed set K, with / E L^{K,^). We first prove that the 
variational solution, trivially provided by the Lax — Milgram theorem, can be rep- 
resented, as expected, by means of the transition semigroup stopped to K. Then 
we address two problems: 1) the regularity of the solution ip (which is by definition 
in a Sobolev space Wa' (K.fi)) of the Dirichlet problem; 2) the meaning of the 

Dirichlet boundary condition. Concerning regularity, we are able to prove interior 
2 2 

Wa' regularity results; concerning the boundary condition we consider both irreg- 
ular and regular boundaries. In the first case we content to have a solution whose 
null extension outside K belongs to Wa^{H,ii). In the second case we exploit the 
Malliavin's theory of surface integrals which is recalled in the Appendix of the pa- 
per, then we are able to give a meaning to the trace of ifi at dK and to show that 
it vanishes, as it is natural. 



1. Introduction and setting of the problem 

In this paper we present some results on second order elliptic and parabolic equations 
with Dirichlet boundary conditions in a closed set of a separable real Hilbert space H 
(norm | • |, inner product (•, •)). 

A motivation for the study of Dirichlet problems in proper subsets of H is to provide 
a natural development of the potential theory in infinite dimensions started in [9] . Only 
a few results seem to be available in this field, see e.g. [5] and the references therein. 

The finite dimensional theory in spaces of continuous functions is hardly extendable 
to the infinite dimensional setting. While in finite dimensions smooth boundaries consist 
only of regular points in the sense of Wiener, in infinite dimensions this is not true: for 
instance, certain hyperplanes and the boundary of the unit ball contain dense subsets 
of irregular points for suitable Ornstein-Uhlenbeck operators ([!]). This leads to the 
lack of regularity results up to the boundary. 

Here we avoid a part of such difficulties working in suitable spaces. 

To begin with, we consider a class of Ornstein-Uhlenbeck operators of the type 

CM^) - I Tr [Q'-^D'^ix)] - ^{x, Q-'^D^ix)), (1.1) 

where Q G >C(iJ) is a symmetric positive operator with finite trace, and < a < 1. 
The most popular among such operators are Cq and £i: 

Coifiix) = i Tr [QD^^ix)] - hx,Dipix)), 
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is the operator that arises in the Malhavin calculus, while 

CMx) = ^ Tr [D^ip{x)] - ]^{x,AD^{x)), 

(with A = Q~^) is the generator of the Ornstcin-Uhlenbeck semigroup with the best 
smoothing properties. See e.g. [5]. 

The operators Ca exhibit an important common feature: the associated Ornstein- 
Uhlenbeck semigroups Ta(t) in Cb{H) have the same invariant measure fi = Afq, the 
Gaussian measure of mean and covariance Q. In this paper we shall consider realiza- 
tions of the operators in the space L'^{K, fi), where K is a. closed set in H with non 
empty interior part K. 

A unique weak solution to the Dirichlet problem 

X(p{x) - Caifiix) ^ f{x), inK, 

(1.2) 

(p{x) — 0, on dK 

with A > and f & {K, /i) is easily obtained via the Lax-Milgram Theorem, applied in 
a Hilbert space W^'^{K, /i) "naturally" associated to Ca (see next section). This allows 
to define a dissipative self-adjoint operator in L'^{K,ii) such that (p = R{X,Ma)f. 
As all dissipative self-adjoint operators in Hilbert spaces, Mq, is the infinitesimal gen- 
erator of an analytic contraction semigroup. 

We give an explicit expression of the semigroup generated by Ma- Precisely, we 
identify it with the natural extension to {K, /i) of the so-called stopped semigroup 
T^{t). In analogy with the finite dimensional case (e.g., [8]), it is defined in Bi,{K) 
(the space of the bounded and Borel measurable functions defined in K) by 

T^{tMx) = ¥.[^{Xa{t,x))tr^>t] 

(1.3) 

ip{Xa{t,x))d¥, MxeK, 

where Tx is the entrance time in the complement of K, 

Tx := mi{t > : X„(^, x) G isT^}, V x G if, (1.4) 
and Xa(t,x) is the solution to 

dXa{t,x) = -^A'^Xa{t,x)dt + A^°'-^'>^'^dWit), X{0,x) = x. (1.5) 

Here W{t) is a standard cylindrical Wiener process in H, defined in a filtered probability 
space (rj, J", (J"t)t>o,P)- 

The definition of T^it) is similar to the one in [15], where the exit time from if, 
Tx :— \\d{t > : Xa{t,x) S K'^} was used instead of our r^. In finite dimensions, if 
K is the closure of a bounded open set with smooth boundary the two definitions are 
equivalent, and T^{t) is the semigroup associated to the realization of with Dirichlet 
boundary condition ([SJ §6.5]). Therefore, a lot of regularity results, both interior and 
up to the boundary, are well known. In infinite dimensions, interior regularity results 
were given in [15] for a > 0. We do not know regularity results up to the boundary, 
even in the case of very smooth bounded sets such as balls. 

Here we prove that ;Li is a sub- invariant measure for T^{t). Therefore, T^{t) has 
a natural extension (still called {t)) to a contraction semigroup in L'^{K,^). The 
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domain of its generator consists of the range of the resolvent operator, 

POO 

R{X,L^)f= e-^'T^{t)fdt, f€L'{K,f,), (1.6) 
Jo 

which is well defined for A > since T^{t) is a contraction semigroup. We prove that 
for each A > and / G L^{K,^), the function ip R{X,L^)f belongs to the above 
mentioned space W^'^{K,^), and satisfies the weak formulation of ()1.2p . Therefore, 

Our main tool in the proof is the approximating Feynman-Kac semigroup 

where 1^ is a (fixed) bounded continuous function that vanishes in K and has positive 
values in K'^. Its infinitesimal generator in L^{H,ii) is the operator : D{M^) = 
D{La) ^ L^{H,fi), M^ip — Laife — -J Vifi, and we prove that for each ip e L^{K,^), 
i > 0, A > we have 



T^{t)ip = lim(P„^(0^)|K, Ri\L^W = lini(i?(A,M^)^) 



in L^{K, /i), where ip is the null extension of (p to the whole H. 

Problem (|1.2I) is of interest for A = too. Using the fact that D{L^) is compactly 
embedded in L^{K,iJ,), in Sect. 3.3 we prove that € piL^) and that a Poincare 
estimate holds in W^'^{K,fi), for a e (0,1]. Therefore, the supremum of (j{L^) is 
negative. 

These results are proved without additional assumptions on K. In particular, we do 
not require that K is bounded, or that its boundary is smooth. 

If the boundary of K is suitably smooth, it is possible to define surface integrals and 
traces at the boundary of functions in the Sobolev spaces W^'^{K,ii). Then we prove 
that the traces of the functions in W^'^{K, /i) vanish. Therefore, the Dirichlet boundary 
condition in (|1.2p is satisfied in the sense of the trace, and T^{t)if has null trace at the 
boundary for every t > Q and ip G L"^ {K, /i) . 

Surface integrals for gaussian measures in Hilbert spaces are not a straightforward 
extension of the finite dimensional theory. To our knowledge the best reference is [H 
§6.10], where the Malliavin theory is presented. It deals with level surfaces of smooth 
functions g in a more general context than ours, since Souslin spaces X are considered 
instead of Hilbert spaces. A part of the theory may be simplified in our Hilbert setting, 
and moreover some of the smoothness assumptions on g can be weakened. Therefore, 
we end the paper with an appendix describing surface measures for level surfaces of 
suitably regular functions g : H t-^ R. 

Several related important problems remain open, even for bounded K with smooth 
boundary. Among them: 

(a) While in finite dimensions (p — R{X,L^)f is a strong solution to (|1.2|) and 
it belongs to W^'^{K, pi) under reasonable assumptions on the boundary dK 
(|13)). in infinite dimensions we do not know whether ip possesses second order 
derivatives in L'^{K,iJ,), even if K is the closed unit ball. In fact, even in the 
case a = 1, the estimates found in [HITS] are very bad both near the boundary 
and near t = 0, and it is not clear how to use them to get informations on the 
resolvent. 
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(b) We do not know whether T^{t) is strong Feher in K (i.e., it maps Bb(K), the 
space of the bounded Borel functions in K, to Cb{K)). This problem is open 
even ior K = {x ^ H : \x\ < 1}. 

(c) In finite dimensions, if dK is regular enough there are several characterizations 
of the space W^''^{K, that coincides with W^'^^K, ^) for every a € [0,1]. 
The most obvious is the following: since fi is locally equivalent to the Lebesgue 
measure, Wl'^{K, ^) coincides with the space of the functions / S W^''^{K, fi) 
whose trace at the boundary vanishes. We do not know whether a similar 
characterization holds in infinite dimensions. 

Referring to problem (a), in the recent paper [1] a self-adjoint realization L of Ci in 
L^{K,ii) with Neumann boundary condition has been studied, in the case that K is & 
convex set with regular boundary. By means of a different (and better) approximation 
procedure, it has been proved that the resolvent i?(A, L) maps 

Here we prove interior W"^^"^ regularity, for those a such that Tr[Q^~"] < oo. In this 
case we show that for every ball B C K with positive distance from dK and for every 
f e D{L^), the restriction ip^g belongs to Wl''^{B,fi). 



2. Notation and preliminaries 

We denote by (•, •) and by | • | the scalar product and the norm in H. C{H) is the 
space of the linear bounded operators in H . 

Let Q be a symmetric (strictly) positive operator in C{H) with finite trace, and let 
A := Q~^. Accordingly, let {cfe} be an orthonormal basis in H consisting of eigenfunc- 
tions of Q, i.e. 

Qek = Xkek, Ack^^Ck, V e N. 

Ak 

We denote by Dk the derivative in the direction of and by D the gradient of any 
differentiable function. Moreover we set Xk = {x,ek) for all x ^ H, k G N. 

Throughout the paper we consider the cr-algebra B{H) of the Borel subsets of H and 
the Gaussian measure with center and covariance Q in B{H), denoting it by fi. 

An orthonormal basis of L'^{H,fi) consists of the Hermite polynomials. More pre- 
cisely, for each n G N U {0} let 

HniO ■■= (-l)"n!"'/'e«'/2z?"(e~«'/2)^ ^ ^ 

be the usual normalized n-th Hermite polynomial. We denote by F the set of all 
7 : N H> N U {0} such that J2kLi li^) < oo. For each 7 e F let 

■.= T[H^(^k)(^), xeH, 
k=i VVAfey 

be the corresponding Hermite polynomial in H. Then, the linear span 'H of all the 
Hermite polynomials is dense in L^{H,ijl), and the linear span Aq of the functions 

® eh, with 7 e F and /i G N, is dense in the space L^{H, n; H) of all the (equivalence 
classes of) measurable functions F : H ^ H such that J^^ \F {x)\'^ iJi{dx) < 00. 

Other important dense subspaces of L'^{H,fi) are the spaces £a{H), the linear spans 
of the real and imaginary parts of the functions x i-> e*^^''*^ , with h G D(A"), < a < 1. 
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2.1. Sobolev spaces over H. We have the fohowmg integration formula, 

[ Dk(pdfi=^[ Xkipdn, ip e £a{H), k en. (2.1) 



It may be extended to 



/ {Dip,G)dn+ j ipdivGdfi= [ ip{x,AG{x))dn, ip e C^{H), G e Aq, (2.2) 
Jh Jh Jh 

where divG'(x) = '^fc)- The linear operator Q'-'^"")/^!) is well defined 

from £a{H) C L^{H, n) to L^{H, fi; H), by 

OO 



k=l 



Using formula (|2.2p it is easy to see that Q'-^~"^/^D is closable. We still denote by 
Q'^^~°'y^D its closure, and by W^'^{H,ii) the domain of the closure. (Note that for 
a = 0, Q^/^D is nothing but the Malliavin derivative). W^'^{H, /i) is endowed with the 
inner product 



p OO „ 

= / Wc^M + y" / \\r'^Dup=Dk^dii. 
Jh ^^^Jh 



(2.3) 



So, lV^'^(iJ, /i) is the completion of £a{H) in the norm associated to the scalar product 
(|2.3I) . It is also possible to characterize it through the Hermite polynomials. We have 

^ewl^\H,^i) iff 

OO 

7Gr h=l 

in which case the above sum is equal to |(3'^^~")/^iDiy9p(i/i. Indeed, the proof in 
Sect. 9.2.3] for a = 1 works as well for any a € [0, 1). 

From this characterization it is clear that W^'^(iJ, /i) C Wq''^{H^ii) for every a G 
(0, 1], with continuous embedding. 

Similarly, W^'^{H, ji) is the completion of £a{H) in the norm associated to the scalar 
product 

Tt [g^"^" 

H 



{vA)wl'^(H,t,) = ^vA)wy(H4i)+ I Tr [g °'D ipD ijj]dn 



OO „ 

w^^^(H,^,)+ / >^l^"^l~"Dh^ky:>Dh,kipdn. 



Next lemma is a consequence of pi, Lemma 5.1.12] or [51 Lemma 9.2.7]. 
Lemma 2.1. There is C > such that 

H 
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Lemma lSm together with ()2.1|) . yields the integration by parts formula in Wq'^{H, /i) 
(and hence, in all spaces W;^'^{H, ^)), 

I Dkifi!d^i = - [ ipDki^dfi+^ I Xk(pijdfi, ip, eWQ'^{H,ij), k eN. {2A) 

JH JH ^fe JH 

For < a < 1 let Ta{t) be the Ornstein-Uhlenbeck semigroup 

T^it^x):^ [ ^{y)K-'A-/-..QAdy), t > 0, (2.5) 

JH 

with 

Qt / e-^^°Qi-"ds = Q(I-e-*^°). 
Jo 

Ta{t) is a Markov semigroup in Cb{H), whose unique invariant measure is fi. Its exten- 
sion to L^{H, ^) is a strongly continuous contraction semigroup, still denoted by T^it), 
whose infinitesimal generator Xq, is the closure of : £a{H) L^{H,^). 

The domain of La is continuously embedded in W^'^(i7, /i). Moreover, for any ip, 
ip e D{La) we have 

/ L^p^d^l = -^ [ (Q(i-")/2|^(^,Q(i-")/2D^)d^. (2.6) 

J H J H 

We refer to [5j Ch. 9, 10] for the proofs of the above statements, and we add further 
properties of the spaces VF^'^(i?, /i) that will be used later. For each ip E L^{H,fi) we 
denote by Tp the mean value of p, 

Ip := p d/i. 

JH 

Proposition 2.2. Let < a < 1. Then 

(a) A Poincare estimate holds in Wa^{H, and precisely 

f (^-<^)2d^<A? / |Q(i-")/2^^pd/,, (2.7) 

JH JH 

where Ai is the maximum eigenvalue ofQ. 

(b) The space Wa'^{H,^) is compactly embedded in L^(H,^) for a > 0. 

Proof. A proof of statement (a) that follows the approach of Deuschel and Strook [6] is 
in [SJ Ch.lO] for a — I. The same procedure works for a € [0, 1), since the key points 
of the proof still hold. Precisely, we have 

(i) |Q(i-")/2OT"(t)(p|2 < e-*/^?T"(t)(|Q(i"")/2i?(^|2), p e C^iH), t > 0; 

(ii) f pLa^dfi = -^ f \Q<^'-''^/^D^\''dti, pED{La); 

(iii) limf^oo T°'{t)ip{x) ^Ip, ip e £a{H), x e H. 

Once (i), (ii), (iii) are satisfied one can follow the proof of [5] Prop. 10.5.2] step by step, 
(ii) and (iii) follow from [51 Prop. 10.2.3, Prop. 10.1.1]. To check that (i) holds is easy 
and it is left to the reader. 

Statement (b) should be well known, however we give here a simple proof following 
[31 Thm. 10.16] that concerns the case a — 1. We write every element p of L^{H, /i) as 
(p = J2-y£r 'P-yH-yy with p?^ — {p?, H^). We already remarked that p} £ Wa'^{H, fi) iff 

oo 

7gr h=l 
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If a sequence (<p^"^) is bounded in W^-^{H, say ||(^("'||^y^.2^^ < i^T for each n £N, 
a subsequence {(p'-"-'''') converges weakly in W^'^{H,ii) to a limit ip, that still satisfies 
\\'^\\wt-^{H,t,) ^ ^- We shah show that linifc^oo H-^^"") - (p\\mH,i,) = 0. 
For each iV € N, let Tat = {7 e T : Y.h=i 7''^h" < °°}- Then 



< E(^^^-^.)' + 4EE7'^v(H^ 



- <o ^2 

TV 

-yGTN -yer h=l 



'7 'P-t) 



< E(^^^-^.)^ + ^- 

7erjv 

For e > fix iV e N such that AK^/N < e. Since a > 0, then lim/i^oo A,7" = +00, so 
that the set F^v has a finite number of elements. Since (^("fc) converges weakly to tp in 
W^''^{H, fj,), it converges weakly to if in L'^{H,fj,); in particular lim;i_^oo '^7"'°^ — ^-y for 

each 7 G F^r. Therefore, for k large enough we have J^-y^r^^^^''^ ~ ^'^^'^ — ^' ^^"^ ^'^^ 
statement follows. □ 

2.2. Sobolev spaces over K. Throughout the paper we assume that C is a 
closed set with positive measure. To avoid trivialities, we assume that also K'^ has 
positive measure. 

To treat the Dirichlet problem p.2p we introduce Sobolev spaces over K. We denote 
by W^''^{K, /i) the space of the functions u : if 1— > M that have an extension belonging to 
W^'^{H,fi), endowed with the standard inf norm. Moreover we denote by W^''^{K,^) 
the subspace of W^'^{K, ^) consisting of the functions u : K M. whose null extension 
to the whole H belongs to the Sobolev space W^'^{H, /i). Therefore, 



3 W^'^{K, ^)-noTm in W^''^{K,ii) is associated to the inner product 
{u,v)^i.2^^^^^^ I uvdti+ f (g(i-")/2i?w,Q(i-")/2^«)d/i. (2.8) 



'K JK 

From the results of the next section it will be clear that such a space is not trivial, since 
it coincides with the domain of (I — L^Y^^ . Moreover, since W^'^{H,iJ,) is continuously 
embedded in Wq'^{H, fi), then W^''^{K,^) is continuously embedded in WQ'^{K,fj.), for 
every a G (0, 1]. 

2.3. The weak solution to (|1.2p . The quadratic form Qa associated to £a, 

Q„(u, «) := i / {Q^^-"'^/^Du, g(i-")/2^«) dfi, u,ve W^HK, fi), (2.9) 

is continuous, nonnegative, and symmetric. Therefore, for every A > and / € L^{K, n) 
there exists a unique ip £ W^'^{K,fi) such that 

X [ ipvdfi+l f (Q(i-")/2^(^,Q(i-")/2z?t;)d^= [ fvdn, -iv £Wl^\K,^l). 

JK ^ JK JK 

(2.10) 
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The function may be considered a weak solution to (|1.2|) . Moreover, there exists a 
dissipative self-adjoint operator Ma in L^{K,^) such that ip = R{X,Ma)f. Like aU 
dissipative self-adjoint operators in Hilbert spaces, Mq, is the infinitesimal generator of 
an analytic contraction semigroup, and several properties of Ma follow. See e.g. (TTJ 
Ch. 6]. 

3. The Dirichlet semigroup 

In this section we give an explicit representation formula for the semigroup gener- 
ated by the operator Ma defined in section 12.31 through the approximation procedure 
described in the introduction. Moreover we show some properties of the semigroup and 
of its generator. 

3.1. The approximating semigroups. We fix once and for all a function V G Cb{H) 
such that 

V{x) =0, x€K, V{x) > 0, X e K". 
For £ > let P^{t) be defined by 

Proposition 3.1. For any ip G Cb{H) we have 

[ {P'a{tW{x)fl,{dx) < [ ^\xMdx). (3.1) 

Consequently, P^it) is uniquely extendable to a Co-semigroup in L^(H,^) which we 
shall denote by the same symbol. 

Proof. We have in fact, by the Holder inequality 

{Pm^i^))' <^{v'{Xa{t,x))e-i foy(^^(^^^))<^^^<Tait){^'){x), 

where Ta(t) is the Ornstein-Uhlenbeck semigroup defined in (j2.5l) . Since /i is invariant 
for Tait), then 

/ {P^{tMx)ffi{dx) < f Ta{t){^^){x)fi{dx) = / ^^{x)fi{dx). (3.2) 
Jh Jh Jh 

□ 

We denote by the infinitesimal generator of P^it) in L'^{H,^) and we want to 
show that M^ = La — ^ V. To this aim, for A > and f E {H, /i) we consider the 
resolvent equation 

X(pe - Lafe + ^ V^p^ = /. (3.3) 

Proposition 3.2. Let A > 0, e > 0, and f G L'^{H,^). Then equation (|3.3p has a 
unique solution (^^ G D{La), and the following estimates hold. 

[ ^ldt,<^ I f'~d^^, (3.4) 
Jh ^ Jh 

f \Q^'-''^^^Dip,\'d^i<^ f f^d^i, (3.5) 

Jh ^ Jh 

J^^ V^ldiji <jj^ fdfi. (3.6) 
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Proof. Fix A > and e > 0. Since La is maximal dissipative and -> Vip is 
bounded and monotone increasing in L^{H,fj.), it follows by standard arguments that 
the operator 

D{La) L'^{H,fl), ip Laifi - - V(p, 

£ 

is maximal dissipative. So, equation (|3.3p has a unique solution ip^ G D{La), that 
satisfies (|3.4I) . 

Multiplying both sides of (13.31) by i^s^, integrating over H and taking into account 
(EH) yields 

a/ ^Idfi + l f |Q(i-")/2^^e|'dM+- / F¥'?rfA^= / f'Pedfi. (3.7) 

The inequality A \ip^\'^d^i < ffed^J. yields again p.4p . The inequality 

1 



implies p.Sp . using the Holder inequality in the right-hand side and then p.4p . The 
inequality 

- / V^t^gC^M < / f'Ped^J. 

£ -/if: iff 

implies p.6p . using again the Holder inequality in the right-hand side and then (|3.4p . □ 

Proposition 3.3. Let 6e the infinitesimal generator of P^{t). Then D{M^) = 
D{La) and 

M'^ip^La^~-Vip, y^eD{La). (3.8) 

e 

Proof Let us show that D{La) C D{M^), and that (|M1) holds. 
First, let ip £ D{La) n Cb{H). For x G -ff , > we have 

PfM^)-v{x)^Ta{hMx)~^{x)+E[{e-i ^(^°('^^-»* - l) ^(X„(/i, x))] . (3.9) 

We recall that, since A" is self-adjoint, Xa{-,x) possesses a.s. continuous paths ([121 
[TB]). Therefore the functions r i— >■ ((5(XQ,(r, x)) and r i-^ V{Xa{r,x)) are continuous a.s. 
Dividing both sides of p.9p by /i and letting /i 0, we obtain lim^^o(^/C<y' ^ 'P)/h = 
Laifi—V (fi/e pointwise and (by dominated convergence) in L^{H, /i), so that ip E D{M^) 
and holds. 

Let now ip e D{La), and let (93„) be a sequence of functions in £a{H) that converges 
to (/? in D{La). Then, iy9„ — > (^9 in L'^{H,fj,), so that ^ y(/7„ — i V'v' in L'^{H,ii), 
moreover La^n — >■ ^QiyS in L^{H,^). It follows that M^ipn M^ip in L'^{H,ii), and 
since is closed, then ^ e D{M^) and ((3^ holds. 

The other inclusion D{M^) C D{La) is immediate. Indeed, for any 1^9 € D{M^) set 
f ^ \ip- M^ip, and let .^^ be the solution of ([331). Then ip^ e L'(La) C D{M^), so 
that (A — M^)^^f = ip^ ~ ip which implies that (p G D{La). □ 

Remark 3.4. From the very beginning, one would be tempted to replace the continuous 
function V by life in the definition of M^. But with this choice the proof of Proposition 
13.31 does not work. Indeed, it is not obvious that {P^ip — (p)/h converges as ft. — > for 
any (p G Cb{H) n D{La), if x G dK, because the function r 1-^ llifc(XQ(r, x)) could 
be discontinuous at r = 0. If fi{dK) — this difficulty is not relevant, since we are 
interested in convergence rather than in pointwise convergence. However, we prefer 
to make no further assumptions on dK in this first part of the paper. 
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3.2. Identification oiT^{t). Let T^{t), P^{t) be defined by ((Ol), (HHl) respectively. 
Proposition 3.5. For any (p e Bb{H), t > Q, and for any x £ K we have 

lim P^itMx) - (i)^i^(x). (3.10) 

s— >-0 

Moreover {t) is a semigroup of linear bounded operators in B\j{K). 
Proof. Let t > 0, a; e K. Then 

{rf >t} = {<jjen: Xo,{s,x) eK,\/ se [0,t)} 

and 

{r^ <t} = {uen: 3 so e (0, t) : X,(so, x) G K^} 

Then we have 

P^{t)^{x)^ [ ^{X^{t,x))dP+ [ ip{X^{t,x))e-^ ^oyix^ds.x))ds^p 

In view of the dominated convergence theorem, to prove the statement it is enough to 
show that 

hme-i /o^(^''(^'-»'*^ = 0, (3.11) 

e->0 

for a. a. a; such that tJ^(i^) < t. 

We already mentioned that Xa(-,x) possesses a.s. continuous paths. Let a; S r2 be 
such that Xa{- ,x){uj) is continuous. If (oj) < t, there exist sq < t, S > (depending 
on Lo) such that 

Xais,x)eK'', y s e [so ~ S,so + S]. 
Since V is continuous and it has positive values in K'^, then 

c mi{V{X{s,x)) : s G [sq - (5, so + (5] } > 0. 

It follows that 

e-l /J vix^is..))ds ^^-2.s ^^^^ Q 
So, p. lip holds. The last statement is straightforward. □ 

In the next proposition we show that fi is sub- invariant for T^{t). We use the 
following notation. For each (f £ Bt,{K) we set 

~, . / ip{x), if X € if, 
= | 0, ifxiK. 

Proposition 3.6. For any (p E Bb{K), t > Q, we have 



{T^{t)ip{x)yt,{dx)< / ip\x)fi{dx). (3.12) 

K JK 

Consequently, T^{t) can he uniquely extended to a Co semigroup of contractions in 

Proof. By the Holder inequality we have for all x G if 

{T^{tMx)f < E[^^{X^{t,x))l,K^,] < E[^\X^{t,x))l,K^,] < T^{t){ip'){x). 
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Since fi is invariant for Ta{t), it follows that 

K JK 

< [ T^{t)i(p'')dti < [ T„{t}{^)dfi< [ Ip^dfi^ [ ^{xfdti. 
Jh Jh Jh Jk 

The conclusion follows. □ 

We shall denote by the infinitesimal generator of T^(t) in L'^{K, fj,). 
Proposition 3.7. For any f G L^{K, fi) and t > we have 

\im{P^{t)f)\K^T^{t)f, in L^K,^,) (3.13) 

and, for A > 0, 

lim(i?(A,Af^)7)|K-(A-Lf)-V, mL^K,fi). (3.14) 

Proof. Let / e Cb{H). By Proposition 13.51 P^f converges pointwise to T^{t)f in K. 
Moreover, |(P^(i)/)(x)| < ||/|U, \{T!^ {t) f){x)\ < ||/||oo for each a; € and <> 0. By 
dominated convergence, lime^o ll-Pa(i)/ - {t)f\\L^K,p.) = 0. 

Let now / g L'^{K,ii). Since Cb{H) is dense in L'^{H,ij), there is a sequence (/„) C 
Cb{H) such that 

\\J- fn\\mH.^)<-, VneN. 

Then wc have 

+ \\T^it)fn - PmfnWmK^f.) + WPmifn - f)\\mK,^) 



< 



n 

and (|3.13p follows. 

To prove (|3.14l) . we use the identity (in L^{H,fi)) 

poo 

R{X,APJf= / e-^'P^fdi. 
Jo 

Taking the restrictions to K of both sides and using p.l3|) we obtain 
lim(i?(A,M5)/)|^= / e-^'T^{t)fdt, 



which coincides with (|3.14p . □ 

Theorem 3.8. For every A > and f e L^{K, /i), the function (p := i?(A, )/ belongs 
to Wl^'^{K,p) and satisfies (piU)) . Therefore, T^{t) is the semigroup generated by Ma 
in L^{K, 

Proof. For e > define ■— R{X,M^)f. By Proposition 13. 3[ (pe is the solution to 
p.3p . with / replaced by /. By Proposition |321 the Wa'^{H, ^)-norm of ipe is bounded 
by a constant independent of e. Therefore, there is a sequence Efe — > such that (p^^. 
converges weakly in W^'"^ {H , fj.) to a function $. Let us prove that $ = 
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For every ip £ L'^ {K, ji) we have 

^"4} djjL — hm / (p^^ipdfj.— hm / ip^^^ip dfi = / ipij} dji 

since, by Proposition I3.7[ limg^o — 'fi\\L^^{K,^l.) — 0- Then, = ip. 

Moreover, 

/ $ • = hm / ip^^^VtK-diJL, 



and by estimate p.6p and the Holder inequality we have 

1/2 / „ ^ 1/2 



Lpek^VtKi'd^ 

H 



<( / ifil^Vdn] ( / <^'^Vdn\ ^0 &sk^oo. 



It follows that = 0. Therefore, $ = ^ e Wl''^{H,^i), that is <p S VK^^2(i^, ^i). 
For every v G W^'^{K, ^) and fc G N we have (since J^:^ Vtp^^vdfi — 0) 

A / ^e,vd^l+l f {Q^'-^^/^D^,„Q^'-^^/^Dv)df,= [ fvdfi, 

J H J H J H 

and letting fc ^ cxd we obtain 

A / ipvdfi+^ [ (Q(i-")/2D^,Q(i-")/2Diy)dAi = / fvdfi, 
Jh 2 Jjj Ju 

so that Lp satisfies (|2.10p . and the statement follows. □ 

3.3. Consequences. We list here some consequences of the results of this section, that 
hold for every a G [0, 1]. 

(i) T^{t) is an analytic semigroup in L^{K,iJ,) for every p G (l,oo). 

(ii) The space W^''^{K, fi) coincides with the domain of (J — L^Y^"^. 

(iii) For each / G L^{K, fi) we have 

/ |Q(i-)/2z5rf < i= / f{x)ii{dx), t>0. 

Jk y/t Jk 

These statements follow in a standard way from the fact that the infinitesimal gen- 
erator of T^{t) is the operator associated to the symmetric quadratic form Qa 
defined in ()2.9p . and that it is dissipative. 

Less standard consequences are a Poincare inequality in the space W^'^{K,ijl) and 
the invertibility of for a > 0, proved in the next proposition. 

Proposition 3.9. For a G (0, 1] the spaces W)^''^{K^p) and D{L^) are compactly em- 
bedded in L'^{K, fi). Moreover G p{L^), and a Poincare inequality holds in W^''^{K, ji), 

\\u\\L-(K.t.) <C f |Q(i-")/2Du|2 dM, u G Wt\K, fl). 
Jk 

Proof. Since the embedding W^'^{H, fi) C L^{H,fi) is compact by Proposition 12 . 2f b) . 
the embedding W^'^{K,fi) C L'^{K,fi) is compact too. Indeed, a sequence u„ is 
bounded in W^''^(K,ii) iff the sequence w„ is bounded in W^'^{H,ii). In this case, 
there is a subsequence of Un that converges to a function v G L^{H,^). Therefore, a 
subsequence of u„ converges to the restriction v\k, in L^(K,^). 

Since the domain D{L^) is continuously embedded in W^'^{K,fi), it is compactly 
embedded in L^{K,fi). Therefore, the spectrum of consists of (nonpositive) eigen- 
values. Let us prove that is not an eigenvalue. 
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Let u e D{L^) be such that L^u = 0. Then 

Jk ^ Jk 2 Jfj 

and by the Poincare inequahty in W^'^{H,fi) (Proposition 12. 2f a)) we have 

{u — udii)^dfi = 0. 
H Jh 

So, u is constant a.e. in but since it vanishes in K"^, whose measure is positive, then 
it vanishes a.e. in H. Therefore, u = 0. 

This impUes that the seminorm u i-> (/^ |(5^^~"^/^Z?itp d/i)^/^ is in fact an equiv- 
alent norm in W^'^{K,fi), that is, a Poincare inequahty holds in W^'"^ {K , fx) . In- 
deed, since —L^ is invertible, also (— L^)-"^/^ is invertible, so that the seminorm u i— > 
\\{-L^y/'^u\\L2(K^t.} ^Uk \Q'^^~°'^^^Du\'^dfi is an equivalent norm in D{{-L^f/'^) = 
in other words there is C > Osuchthat \\u\\L2(K^^i) < C Ik \Q''^^°'^^^Du\'^ dfi 
for every u £ W^''^{K, fj.). □ 

4. Interior regularity 

In this section we prove an interior regularity result for the solution to (|1.2p for a < 1. 
We use the following lemma. 

Lemma 4.1. For every ip G D{La) and for every j3 G £a{H), the product ip/3 belongs 
to the domain of La, and 

LaiifP) = f3Laip + ipLaP + {Q^-"Dip, DP). 

Proof. Since £a{H) is dense in D{La), there is a sequence {(fn) C £a{H) that converges 
to Lp in D(La). For every n, jSipn is still in £a{H), hence it belongs to D{La) and the 
statement follows easily. □ 



Proposition 4.2. Assume that 



Tr gi-" = ^ A^r" <oo. 

Then for every y d K and r > such that dist{B{y,r), dK) > 0, the restriction to 
B{y,r) of the solution ip to (|1.2p belongs to W^'^ (B {y , r) , ^) . 

Proof. It is enough to prove that the statement holds for y e D{A"^^). Indeed, since 
D{A°'^^) is dense in for each y & K and r > such that dist{B{y,r), dK) > 
there are yi e K n D{A"^^) and ri > r such that B{y,r) C B{yi,ri) and dist(i?(?/i, r), 
dK) > 0. 

So, let y € D{A°'^^) and let ri > r be such that the ball B{y, ri) is contained in K. 
Let p : R [0, 1] be a function such that 

and define a cutoff function 6 by 

:=p(|x-yn, x e H. 

Our aim is to show that the product ip9 belongs to Wa'^{H, p). Since the restriction to 
B{y, r) of (p9 coincides with the restriction to B{y, r) of (p, the statement will follow. 
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The proof is in three steps. As a first step, we show that 9 G D{La). Then we show 
that ipsO belongs to D{La) for every e > 0, where ips = R{X,M^)f. Eventually, we 
prove that ipO e W^'^{H, ii). 

First step: 9 e D{La). Wc approach each x £ H hy the sequence a;„ = efc)efc, 
and we consider the sequence of functions 

9n{x) := p{\xn-yn?), X G i?, n € N. 

Each of them belongs to D{La). This is because it depends only on the first n coordi- 
nates, it is bounded and it has bounded first and second order derivatives, and in finite 
dimensions the inclusion Cl{H) C D{La) holds. Therefore, it is easy to see that there 
exists the limit \iuit^o{Tait)9„ — 9n)/t — La9n in L^{H, /x), where 

(n n ^ 

fe=i k=i ^ (4.1) 

+ 2p"{\xn - ynP)((3^""(a;„ - ?/„),x„ - J/„). 

Letting n -J> oo, p'(kn -Z/nP) and p'Xkn - 2/nn(Q^""(a;„ - y„), a;„ - y„) converge 
in L'^{H,ij,) to p'{\x — and to p"{\{x — y\'^){Q^~"{x — y),x — y), respectively, by 
dominated convergence. The sum Y^^=i ^k°'{x-,e-k){x — y,ek) converges too. Indeed, 
for j3 < g G N we have 

Q 

k=p 
1 

^ H ll-^fe "^^(a;, efe)||L2(^_^)||Ap/^(a; - y, efe)||i2(^_^) 

k=p 

= EAr"^/^Ar/^(A. + |(y,e.)nV2 

k=p 

<±xt'''^\xt'''^'+Xr^'\{y,ek)\) 

k=p 

^EA^" + i(A^-"+A,"|(y,efc)|2), 

k=p 

where X^feLi A^~" < oo by assumption, and X^^i Aj^"|(y, e/;)p < oo because y e 
£,(^a/2) Therefore, 

n 

3L^{H,p)- lim S2x^"{x,ek){x -y,ek) := {x,A"'{x -y)). 

fc=l 

(Note that {x,A"{x — y)) is not defined pointwise). It follows that p'{\xn — yn\^)- 
Ylk=i Aft"(x,efe)(a; - y,ek) converges to p'{\{x - y\'^){x,A°'{x - y)) in L'^{H,p). Since 
Lee is closed, 6 G D{La). 

Second step: (p^O belongs to D{La)- 
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Since Lpe G D{La) and £a{H) is a core of La, there is a sequence of exponential 
functions /3„ that converges to ip^ in D(La). Since 9 is bounded, /3„0 converges to (peO 
in L^{H,ii). By Lemma HTTl /3„6' belongs to D{La) for every n, and we have 

LjPnO) = l3M + 0Lal3n + {Q^-"D(3,,,De). 

As n — oo, Pn converges to ipe, LaPn converges to Laipe, and {Q^^°'DI3n, D9) = 
(Q(i-")/2L»/3„,Q(i-")/2i:)6») converges to {Q^^-'^^/'^Dip^,Q^^-°'^/^De) in L^{H,fi) since 
D{La) C T/F^'2(^^^) Q(i-")/2D6' is bounded. Therefore, L„(/3„6') converges in 
L^{H,^), and since is closed, (^£6* belongs to D{La) and 

= + (Q(i-")/2i?0, Q^^-^y^D^,) + eiaifie- (4.2) 

r/iird step.- ^6* feeZoK^s to PF^'2(i7,^). Using (gj]) and ([331) we get 

The norm of the right hand side is bounded by a constant independent of e. 
Therefore, ||6'</'e||D(Lo) bounded by a constant independent of £, and since D{La) is 
continuously embedded in W^'^ {H , fj.) , also \\9(f^\\y^,2.2^^ is . 

Let {sk} be the sequence used in the proof of Proposition 13. 8[ so that ip^,^ converges 
weakly in W;^'^{H,fi) to (p. Possibly taking a further subsequence, {0(p^^) converges 
weakly in W'^'^{H, ^) to a function u that belongs to W^'^^H, Then u — Oip; indeed, 
for each ip G L'^ {H, /x) we have 

/ uipdji— lim / Otp^^il) dji — lim / 9ipip dfi. 
Jh ^^'^ Jh ^^'^ Jh 

So,eip£W^'^iH,^i). □ 



5. Domains with smooth boundaries 

In this section we assume that 

K = {xe H : g{x) < 1} 

where g : iJ i-^ R is a function that belongs to D{La) and satisfies (|A.8|) . Moreover 
we assume that supg > 1, so that ii' is a proper subset of H, and inf 5 < 1, so that 
the interior part of K is not empty and the surface measure da is well defined in the 
boundary E of E = {.t e iJ : g{x) = 1}. See the Appendix, to which we refer for 
the definition and properties of surface measures. 

The aim of this section is to give a reasonable definition of the trace at OK of any 
function in W^'^{H,fi), and to show that the functions in W^''^{H,^) have null trace 
at dK. This implies that R{X,L^)f satisfies the Dirichlet boundary condition in (|1.2p 
in the sense of the trace for every / £ L^{K, /i), and that T^{t)f has null trace at the 
boundary for every t > and / £ L^{K, ji). 

As a first step we prove integration formulas for functions in the core £q{H). 

Proposition 5.1. Letk£N be such that Dkg/\Q^/^Dg\ £ W^''^{H,n). Then for every 
(p £ £q{H) we have 

L ''''' ''=iL ^ L wkf ^'-'^ 

// \Q^I'^Dg\ £ Wo'^{H,n), then for every ip £ Eo{H) we have 



16 



G. DA PRATO AND A. LUNARDI 



ip''\Q'^''Dg\dai{ (5.2) 
= ^{Q'^^D^,Q'/^Dg)d^i~ [ Log^^dfi (6) 

Proof. For small e > define the pathwise linear function 0^ by 

r 2, e<i-e, 

[0, e> 1+e. 

and set 

Pe(a;) := 6*^(5(2;)), a;ei7. 
Since 9e is Lipschitz continuous, then pe S VFg' {H,ij) ([2^ Rem. 5.2.1]). Then the 
product p^ip belongs to Wq''^{H, /i) and Dk{p^ip) = 0'^{g{x))Dkg{x)(p{x) + Pe{x)Dk(p{x), 
so that 

{Dkif)ps d^ - - I ipDkgdfj, ^ ^ f XkfPedp, fc e N. (5.3) 

H ^ Jl-e<g<l+e J H 

Let us prove (15.11) . Letting e — )• 0, converges pointwise to 211/^ in \ S, whose 
measure is 1. Since < 2, by dominated convergence we get 

3 lim -'- I ipDkgdfi= [ Dkfdfi-^ [ Xk'-pdp.. 

e-i-O le Jl-e<g<l+e JK JK 

Let us identify the limit in the left hand side as a boundary integral. Since LpDkg\Q^/'^Dg\~^ 
G W^'{H,p), by RemarkE3 we have 

^^0 2e 7i-£<g<i+e 7e \Q^/^Dg\ 

and (|5.ip follows. 

Let us prove (|5.2p (a). For every e > and k G N, the function p^if^Dkg still belongs 
to Wq' (-ff, /i). Therefore we may replace tp in (|5.3I) by Xkip^D^g, and summing over fc 
(recall Lemma [2. ip . we obtain 

/ 2ip{Q^/^D^,Q^/^Dg)p,d^i+ [ 2Logip^Pedfi 
= -[ ^'\Q'/'Dg\^dp 

£ Jl-e<g<l+s 

Letting e — as before, by dominated convergence we get 

lim / ^{Q^/^D^,Q^/^Dq)p,dp= I ^{Q^/^D^,Q^/^Dg}dp, 

lim / Log ^p^Pe dp = Log (p^ dp.. 
Therefore, there exists the limit 

lim^ / ip'^\Q^I'^Dg\^ dp^ ( ip{Q^/^Dip,Q^/^Dg) dp + [ L^g ip^ dp 
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that we identify as a boundary integral. Indeed, since ip^\Q^/'^Dg\ G Wq'^{H, by 
Remark lA. 71 we have 

So, (|5.2p (a) holds. To prove ()5.2p (b). we may follow the same procedure replacing K 
by K"^ and 9^ by 

or else, we may use the equality 

= - [ <p{Q^'^D^,Q^'^Dg)dtJL- [ L^g^'^dti 

JK JK 

that follows from 

Log^^d^l = -]- f {Q^^^Dg,Q^/^D{^^))dfi = - [ {Q'/^Dg,Q^/^D^))^dfi 



H JH JH 

(see formula (|2.6p V □ 

As a second step, with the aid of Proposition 15.11 we prove an integration by parts 
formula in Wq''^{H,^i) and we define the trace ip^Y. the boundary E of any function 

Corollary 5.2. Assume that IQ^/^Dgl G W^''^{H,^i), and that \Q^/'^Dg\ is bounded and 
Log has at most linear growth either on K or on K'^ . Then for every (p £ Wo'^(H,ii) 
there exists ip G L^(I],cr) with the following property: for each sequence {(fin) G £o{H) 
such that lim„^oo \\^n — ^\\w^'^{H tj.) ~ sequence {ipn\Q^^'^ Dg\^^^) converges to -0 

in L'^{j:,a). 

Proof. It is sufficient to recall formula (|5.2I) and Lemma [2. II □ 

Note that the assumptions of Corollarv l5.2l are satisfied by the functions g in Example 
[K\ of the Appendix. 

Definition 5.3. Under the assumptions of Corollary [521 for each ip G Wq''^{H, ^) the 
trace of at S is defined by 

|gl/2^g|l/2' 

where ■0 is given by Corollary [ 



Note that in general (p\Y: does not belong to -Zj^(S, ct), because \Q^^'^Dg\^^/^ may be 
unbounded in E. Of course, if \Q^/^Dg\^^^^ is bounded in E (that is, if infs \Q^^^Dg\ > 
0), then ip\j2 G -^^(S,cr) for every ip G Wq'^{H, ^) and the mapping Wq''^{H,^) i-> 
L^(E,(t), (fi i-> iy9|5] is continuous. 

In general, we have the following lemma. 

Lemma 5.4. Under the assumptions of Corollary ] 5. 2[ for every (p G Wq'^{H, fj,), (p\-^ G 
L^{Y},a) and the mapping Wq''^{H, ^) i— !■ L^{T,,a), (p ip^j^ continuous. 
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Proof. Since (^i^ ~ tplQ^^^Dg]^^/^ with tp e L^(S, cr), it is sufficient to prove that 
|Qi/2^^|-i/2 g ^2(5.^^)^ The assumptions ||Qi/2^2^Qi/2||^^^^/|Qi/22^g|2 g L^(^H,^l) 

and |gi/2L>g|-i e L'^iH.n), that are contained in assumption (jA.8|) . imply that the 
function ^ := \Q^^^Dg\-^ belongs to Wo^{H,fi). By Corollary El ip\Q^/'^Dg\^^^ = 
|gi/2i:>.g|-i/2 has trace in L^{j:,a). □ 



Corollary 5.5. Let the assumptions of Corollary \5.2\ be satisfied. The following state- 
ments hold for every a G [0, 1]. 

(i) If Dkg/\Q^^'^Dg\ e Wo''^{H,n), for every (p e W^''^{H,^i) the integration by 
parts formula ()5.ip holds. 

(ii) If (fi G VI^^'^(A', /i), its trace at Si vanishes. 

Proof Since C W^'^iH,^), and W^^'^j-^^^) Wq'^{K,ii), it is enough to 

prove that the statements hold for a = 0. 

(i) It is sufficient to approach every ip G Wq''^{H,^) by a sequence {(pn) C £q{H), and 
to recall Lemma [5.41 

(ii) If (/3 e Wq'^{K, h), it vanishes a.e. in K"^, and formula (|5.2p (b) yields the statement. 

□ 

Appendix A. Surface integrals 

We consider level surfaces of smooth functions g. We refer to |2J §6.10], where the 
functions g under consideration belong to the space W°° {H, /z) defined by 

fcGN,p>l 

and W'^'P{II, fl) is the completion of the smooth cylindrical functionsQ' in the norm 



l/llfe,p:=ll./llL.(H.p)+E( / \ E (^n----- 



K,D,,...D,J{x)f 



p/2 ^ 1/p 

fi{dx) 



(In particular, the spaces W^'^{H,n) coincide with our Wq''^{H,ijl) for k = 1,2). 
Another assumption is 

\Q^/^Dg\-^G fli''(iJ,M). 

p>i 

Our aim here is to give a simplified presentation of surface measures in the case of a 
Hilbert space setting, under less heavy (although less elegant) assumptions on g. 
For any continuous g : H ^M. and r in the range of g let us define the level sets 

Y^r :~ {x <E H : g(x) = r}. 

We shall define probability measures on the surfaces with r in the interior part of 
the range of g. To this aim, a first step is the study of the image of /i on R under the 
mapping g, defined by 

(M0 5-i)(/):=/i(g-i(/)), /e 



-'-that is, functions of the type f{x) = f((x, xi), . . . , (x, x„)) with xi, . . . , x^ & H and i/p € C^(]Ii"). 
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We shall give sufficient conditions for /i o g^^ have continuous (in fact, W^''^) density 
k with respect to the Lebesgue measure. Similarly, for p E L^{H,p) we shall consider 
the signed measure 



ipfi)iB) := / p{x)tiidx), B e B{H) 

J B 

and its image under the mapping g, 

{ppog-^){I):={pp){g-\l)), I e BiR), 

and we shall give sufficient conditions for pp o g^^ have continuous density kp with 
respect to the Lebesgue measure. A key role will be played by the function ip defined 

by 

^ Log {Q^/^D^gQ^/'-Q^/'Dg,Q^/^Dg) 

\Q^/^DgY \Q^'^Dg\'^ ' ^ ' ' 

if g G D{Lo). We shall use the following lemma. 

Proposition A.l. Let g e D{Lo) be such that \Q'^/'^Dg\-^ e L-^{H,p). Then 

(a) pog^^ is absolutely continuous with respect to the Lebesgue measure. 

(b) // a function p £ Wq ' (H, p) is such that 

^p€L'{H,p), \^^^^eL\H,p), (A.2) 

where 'ip "is defined in (jA.l[) . then ppo g^^ is absolutely continuous with respect 
to the Lebesgue measure. 

Proof. To prove statement (a) we shall show that there exists C > such that 



(p'{r){pog ^){dr) 



<CM\oo, veCliR). (A.3) 



For each fc G N we have 

Dk{ip o g){x) = ip'{g{x))Dkg{x), x e H, (A.4) 

so that 

{D{^ o g){x), QDg{x)) = {ip' o g){x)\Q^'^Dg{x)\\ x e H, (A.5) 

i.e. 

{Q'^^Diipo9)ix),Q'^^Dg{x)) 
i^og)ix) = |Qi/2^,(,)p ' a.e.xeH. (A.6) 



Therefore, 



/. N/ -lAM \ f ' ^ f T.k^kDk{^o g){x)Dkg{x) 
^ (r){p o g )[dr) = \ ^ o g dp = j \QrjT^^2 



IH JH 

Integrating by parts and recalling that 



-dp. 
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we obtain 

( Dkkg Y.i^iDigDikg 



ini/2n.|2 - ini/2n.|4 



= -2 / {ipo g){x)ip{x)dfi, 
Jh 

where the function ip is defined in (jA.f [) . The first addendum in tp, Log/\Q^^^Dg\'^ , 
belongs to L^{H,fi) since both Log and l/\Q^/'^Dg\'^ are in {H , ii) . Concerning the 
second addendum we have 

\{Q^/^D^gQ^/'-Q^/'Dg,Q^/^Dg)\ ^ WQ'/'P'gQ'/^cjH) 
\Q^/^Dg\* - \Q'/^Dg\^ 

Recalhng that there exists Co > such that ([2, Thm. 5.7.1]) 

\\X ^ \\Q'/^D^gQ'/^\\ciH)\\L^(H.f.) < CoMDiLo), 

it follows that the second addendum in ip belongs to L^{H,fi). Then formula (jA.3[) 
follows, with C = Uh^H,^,) < const. (|lg|lD(Lo) + II IQ'/'^sr' IU*(h.m))- 

We prove statement (b) by the same procedure, replacing fi by p/i. For every if £ 
Cl(R) we have 

f f \ 

\Q^I^DgixW r 

where "0 is the function defined in ()A.ip . Assumption (jA.2p implies that the functions 
ipp and {Q^I'^Dg,Q^I'^Dp)/\Q^/^Dg{x)\'^ belong to L^{H,p). Then, 



(p'{r){nog l)(dr) 



if' og)pdn 



H 



with C = 211-0^11^1 + II |Qi/2^g| lU^ ■ The statement follows. □ 

Proposition A. 2. Let the assumvtions of Provosition \A.l\ hold. Then: 

(a) // the function ip defined in (jA.ip belongs to Wq'^{H, p), then the density k of 
/iog-i belongs to W'^^'^{R). 

(b) If p€ Wq' iH,fj.) satisfies CO]) and moreover, setting 

^^^jj^^ 
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we have pi G Wq'^{H, fi), ippi G L^{H,fi), ^|^i/2^g^| G L^{H,p), then kp G 
M^i'i(K). 

Proof. To prove statement (a) we shall show that there is Ci > such that 



v"{r){piog-^){dT) 



Indeed, this implies that k is weakly differentiable with k' E L^{M.). 
Differentiating (jA.4p we get 

Dkkiv ° 9)i^) = v"{9{x)){Dkg[x)Y + v\g{x))Dkkg{x), X E H, 

and summing over k 

TriQD^g o ^)) = ^" {g{x))\Q'/' Dg{x)\' + ^' {g{x))TiiQD'g{x)) 

so that 

„ . TrjQDH^og)) TrjQD^g) 

^ 2£o((/?o.g) + (a;, £)((/? og)) , 2£og + (x, Z^ff) 
|Qi/2i^g|2 |Qi/2Z?g|2 

2LQ{ipog) , 2Lo5 



|gl/2^g|2 ^^|gi/2i^5|2 
Using again ()A.7p we get 



///^'°\'" ' "\Q^/^Dg\ 

= -2 / {ip' o g)iP dfj. 



H 



where ip is defined in (|A.ip . Then we may use Proposition IA.l1 with p = ip. By 
assumption, V' G WQ^'^(-ff, ^) C W^'^{H, fi), moreover ip^ e L^{H,p) and |Qiy2jg| G 
since \Q^/^DiIj\ e L^H,fi), \Q^/^Dg\-^ e L^H.fi). We get \ Jj^i^' og)^: dp\ < 
C\\ip\\^Yi.2f^-^ ^^s^\\(p\\oo, and statement (a) follows. 



C^^fM) we have 



Concerning statement (b), the proof is similar, replacing p by pp. For every if € 



H 



\Q'"Dsf 



dp 



22 



G. DA PRATO AND A. LUNARDI 



J^^ 0,(^(0 Dg,2 ^^^^ ^-'W^^J''' 



H 



, {Q^/^Dg,Q^/^Dp) ^ 



(p' ogpidp, 



where the function pi satisfies the assumptions of Proposition lA-lT b). We obtain 
I o g)pidfJ-\ < C||(p||oo and the statement follows. □ 

One can play with p and g in order that the assumptions of Proposition IA.2r b') are 
satisfied. In the next proposition we give sufficient conditions that are useful for the 
sequel. 

Proposition A. 3. The assumptions of Provosition VA.S^ b) are satisfied by every p g 
Wq' {H,p) provided g G D{Lq) is such that 



|Ql/2£,g|2 t ^ |Q1/2£,3|3 ^ ^ 

In this case there exists C2 > 0, depending only on g, such that 



(A.8) 



(p"{r){ppog l)(dr) 



Consequently, if Pn P "in- Wq' {H,p) then kp^ kp in W^'^{R), hence kp^ — >■ kp in 
L°°(M). 

Proof. Since € and IQ^/^Dgl"^ G L"*, then pi e L^. Computing Q^/^Dpi we 
obtain 



-2{Q'/^Dg,Q'/^Dp) 



\Q'/^Dg\^ 
Q^/^D^gQ^/^ -Q^'^Dg 



\Q^I^Dg\^ 
Estimating each addendum we get 

since 

• VIIQ^/^^'pI e i\ since V' e i^; 

• |QV2i5g|2 e L , smce |gi/2^^|2 e L ; 

^ ^ ' ^^^'^^ ^TTil^ ^ ^ ^ 
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Therefore pi e L\ and ||/Oi||li(//,^) < c\\p\\yy2,2^j^^^y 

The assumptions € i"^, |qi^2^^ e L** imply that ^/^pi G L^. 

To check that |^i/2^^^| G we redo the estimates above, dividing each term by 
IQ'^/^Dgl We get 

• ^^W^\ ' " ' ^^^^^ ^ ^^^'^ ^ ^ 

• ^^T^W ^L,s.nce ^^.j^^ e L ; 

\Ul-D-pQ% . 1 

e L , smce G L ; 



|Qi/2i55|2 ' \Q^I-^Dq\ 

Therefore, the norms HV'PiIIli and || |qi/2 IIl^ are bounded by c|lp|j^^2,2j^ Ap- 
plying Proposition IA.2f b) the statement follows. □ 

Example. Let us consider some simple examples. 

(a) g{x) = (6, a;), with |6| — 1, 

(b) g(x) = (Ta;,x), with T e Tcfc = ifcCfc for each fe e N and ifc 7^ for 
infinitely many 

(c) = 

In all these cases g satisfies the conditions of Proposition lA. 31 
Proof. In case (a) we have Dg — b, D^g = so that Log = ~{b, x) /2 = — .g/2 and 



2|Qi/25|2 



which belongs to Wq"^{H,p). The other conditions of Proposition IA.3I are obviously 
satisfied. 

In case (b) we have Dg{x) = 2Tx, D'^g{x) = 2T so that Log = Tr[Qr] - g and 

..(^^ Tr[gr]-(ra:,x) (g^r3x,x) 

^ ~ 2|Q1/2T:e|2 |Qi/2rx|2 ' ^ ""^ 

Since t^: 7^ for infinitely many k, then x 1-^ \Q^^^Dg{x)\~^ belongs to all spaces 
LP{H,p). Indeed, \Q^/'^Dg{x)\'^ > 4.J2k=iKtlxl where N is so large that at least 
[p] + 1 addenda do not vanish. The other assumptions of Remark lA.3l are easily seen to 
be satisfied. 

In case (c) we still have g{x) = {Tx,x) with T G ^{H), Tx = J^kLi^kCk, so 
that tk ^0 only for fc = 1, . . . , 13. However, \Q^/^Dg{x)\^^ < co(EfeIi ^l)^^^^ with 
Co = l/min{A[./^ : /c = 1, . . . , 13} so that \Q^/'^Dg\~^ e LP{H,fi) for every p < 13. 
The function V is stiU given by (jA.9p on spanjei, . . . , 613} and it belongs to LP{H, p) 
for every p < 13/3, in particular it belongs to L^{H,p), as well as |(3^/^Z?V|~^- The 
other conditions of Proposition E3] are easily seen to be satisfied. □ 
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In cases (a) and (b) with T — / it is possible to give a representation formula for k 
that shows that k e C°°, see [10|. In case (c) we have \Q^/^Dg{x)\-'^ > ci{Y,lLi x\Y^I'^ 
with ci = l/niax{A^^^ : A: = 1, . . . , 13} so that \Q^I'^Dg\-^ ^ LP{H,^i) for p > 13. 

The construction of the surface measures goes as follows. First, one constructs surface 
measures depending explicitly on g by an approximation procedure. 

One fixes once and for all a convex compact set K which is symmetric with respect 
to the origin and has positive measure, say fJ.{K) > 1/2. Such a K does exist. Indeed, 
it is well known that there are compact sets K with positive (arbitrarily close to 1) 
measure (a simple proof is e.g. in PJ Thm. 6.2]). The absolute convex hull if of A" is 
compact, symmetric with respect to the origin and contains K, so that n{K) > fJ.{K). 

Then we need a regular cutoff function. The proof of its existence follows closely [H 
Prop. 5.4.12], with a few simplifications due to our Hilbert space setting. 

Lemma A. 4. Let K <Z H he compact, convex, symmetric with respect to the origin, 
with fi{K) > 1/2. Then there exists a function 9 e W°° {H, ^) such that 9 = 1 on K, 
9 = a.e. outside 2K and < 9(x) < 1 for all x H . 

Proof. By the 0—1 law (e.g., [H Thm. 2.5.5]), the vector space E spanned by K has 
measure 1. Consequently, limm^oo fi{mK) — 1. Fix to € N such that 

g 

KmK) > -. 

Let us consider the Minkowski functional defined by Pk{^) '■= inf{a > : x G aK} for 
X G E, and the function d{x) := mi{pK{x — y) : y G K} if x G E, d{x) = 1 \i x <^ E. 
We modify it setting 

Lp{x) = 1 - h{d{x)), x £ H, 

where h{t) = t for i < 1 and h{t) = 1 for t > 1. The function ip is Borel measurable, 
has values between and 1, ip = 1 on K and (p = outside E and outside 2K. We 
regularize it applying To(i), where i > is chosen such that 

1 - e"*/^ < -, ra\J\ - e"* < -. 

8' 8 

Since p G Sh(i?), then T^ifyp G W°°{B,^) (e.g., [2 Prop. 5.4.8]). 
Moreover, 

TQ(t)Lp(x) >-\/xeK, Toit)ip{x) <-\fxeE\2K. (A.IO) 
3 5 

Indeed, let x € K. Then e~*/^x G K, and for each y G mK we have \/l — e~*?/ G 
K/8. The sum e"*/^a; + VT~e^y belongs to 9K/8, so that d{e~^/^x + Vl - e-*y) < 
1/8 and therefore (p{e^*^^x + Vl - e"*?/) > 7/8. Since fJ,{H \ mK) < 1/9, we get 
To{t)(p{x) > 7/8 - 1/9 > 2/3. Let now xG E\2K. Since e"*/^ > 7/8, e'^^/^x i IKj^ 
and consequently for every y G raK the sum e~*/^a; + \J\ — e~*y does not belong to 
7 K/4: - K /8 = UK/8. Therefore, die'^^^x + Vl - e"*?/) > 5/8, so that ip{e-*/^x + 
Vl - e-*y) < 3/8. Again since /x(7? \ mK) < 1/9, we get To{t)^(x) < 3/8 + 1/9 = 
35/72 < 3/5, and (|XTOl) is proved. 

Now fix a function r/ G C°°{R) such that < r/ < 1, r/(t) = for t < 3/5, ri{t) = 1 
for t > 2/3, and set 

9ix) = 7jiTo{t)ifix)), xeH. 
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The function is what we were looking for. It has values between and 1, it belongs 
to W°^{H,n), e{x) = 1{0T X e K and 0{x) =OfoT x e E\ 2K. Since n{E) = 1, then 
9{x) — for almost all x £ H \ 2K. The statement follows. □ 

Now we fix (pQ £ C^(R) with < ipo < 1, J^(po{t)dt = 1 and (yCo = 1 in a neighbor- 
hood of 0, <po = outside (—1, 1). Then for each r e M the sequence {(poiJit — r))dt/j} 
converges weakly to the Dirac measure Sr- 

For each r in the interior part of g{H) we set 

The following proposition is proved in [2] . Since in the Hilbert space case there are not 
simplifications with respect to the general setting of [2], we refer to [2; Lemma 6.10.1, 
Thm. 6.10.2] for the proof. 

Proposition A. 5. (a) For each n G N, the sequence of measures 

l^nAdx)^er.{x)^fl4^f,{dx) 

converges weakly to a measure Vn concentrated on g^^{T)- Moreover, for 

each continuous f £ Wq''^{H) we have 

fdl^n^ [ fdl^n^'^^^. (A.ll) 

(b) In its turn, the sequence i>n converges weakly to a probability measure al?^ con- 
centrated on Yir, such that for each continuous f £ (H) we have 

Definition A. 6. For every Borel bounded function (p : H i-^ S. and for every r in the 
interior part of g{H) we set 

ipdar ■■= k{r) ( ip\Q^/'^Dg\ dai^l 

Remark A.7. It is easy to see that for every / : iJ i-> K such that f\Q^^^Dg\ G 
Wo'^{H, n C{H) we have 



/ /da, -hm l / f\Q^'^Dg\d^Ji. 

JY.r Jr-e<g(x)<r+e 

Indeed, applying Proposition lA. 21 we get 

hm / f\Q^'^Dg\ dfi = hm ^ d{f\Q'/'Dg\ o f,) 

e^O 2e Jr-e<g{x)<r+e 2£ J^_^ 

1 



^}^o2e J ^f\Q^'^Dg\{i)dt ^ kf\Qi,2Dg\(r). 
On the other hand, by Proposition lA.Sf b) we have 

kf\QU^-Dg\{r)^k{r) [ f\Q'/'Dg\d4^^ 
and the right hand side is just f dar by definition. 
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